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Abstract 
The paper presents ome recent results on the topics in its title, in the context of an ongoing 
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1. Introduction 
As To topological groups are Tychonoff, we shall henceforth assume that rdl spaces 
are Tychonoff. 
The subsequent work in this paper is at least in part provoked by the desire m under- 
stand more fully the inter-relationship between the algebraic and topological conditions 
imposed in such celebrated theorems about topological groups as the following: 
Birkhoig-Kakutani Theorem [2,171. Every first countable topological group is metris. 
able. 
Ivanovskli--Vi lrnkin-Kuz'minov Theorem [16,26,18]. Every compact topological 
group is dyadic (even Dugundji compact [20]). 
Comfort-Ross Theorem [10]. Arty product of  pseudocompact topological groups is 
pseudocompact. 
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Tka~eoko Theorem [23]. Every a.compact opological group has the c.c.c. 
Recall that, in Haydon's characterisation [ 15], a compact space X is Dugundfi compact 
if e~ery continuous f : A -+ X,  with A closed in 2':', can be extended to a continuous 
mapping ] :  2 '~ --+ X. The latter three results above are related; just how closely may be 
judged by noting that the Stone-etch compactifieation fiX of a pseudocompact topo- 
logical group X is a Dugundji compact opological group, and the purely topological 
theorem that, if X is pseudocompact nd its Stone-(~ech ompacfifieation/3X is Dugundji 
compact, then X ~ is pseudocompact for every e;. 
It is an interesting feature of this study to note which subspaces inherit useful properties 
of a topological group, in this regard, one should remember that any Tychonoff space 
can be embedded in the compact group (St) ~ for some ~. 
The concepts given in this article's title are defined as follows. 
Definition 1. X has a rectifiable diagonal (or, is" an rA-space) if there exists an element 
e of X and an autohomeomorphism q5 : X 2 --+ X 2 such that 
(1) ¢ [ ({x} x X)  is an autohomeomorphism, for each x in X. 
(2) fb I ,4 is a homeomorphism from A onto X x {e}, where A = {(x,x): x 6 X}. 
Noting that. under ~, (x, x) ~-~ (x, e) for each x in X. the definition may be illustrated 
as in Fig. 1. 
Mal'tsev [19] introduced the spaces which bear his name in 1954, in order to study 
generalised algebraic varieties. 
Definition 2. A space X is Mal'tsev if there exists a continuous function M : X 3 --+ X 
such that M(x, y, y) = M(y, y, x) - x. Such a function AI is called a Mal'tsev operator 
(for X) .  
For convenience, Arhangel'skii [ I ] has introduced the iollowing term. 
(x, e) 
~ ) Xx  {e} 
X 
Fig. I, 
PJ. Collins, PM. Gart.side / Toln~hJgy awld it.~ Applications 77 (1997) 95-103 97 
Definition 3. A space X is retral if it is the retract of a topological group. 
A preliminary description of the connections between the spaces introduced in this 
section are described in the next diagram 
Topological group ~- r A-space 
1 1 
retral space ~ Mal'tsev space 
That a topological group has a rectifiable diagonal is shown by noting that 0(:~, Y) = 
(x, x-19) satisfies conditions (1) and (2) of Definition I. That a retral space is Mal'tsev 
is demonstrated by consideration of M(x, Y, z) = r(xy-mz) where r is a retraction of 
the retral space to a topological group. To show that an rA-space X is Mal'tsev, suppose 
that $ satisfies (I) and (2) of Definition 1. For each x in X ,  define hx : X --> X by 
~(~, v) : (~, h~(9)). 
Then M : X 3 ~ X, defined by 
M(~,,j,~) = h;'(h~(z)) (~,v,~ ~ x )  
is a Mal'tsev operator for X. 
2. Two applications of a structuring mechanism 
in this section we indicate how the structuring mechanism introduced by Roscoe and 
the author can be used to prove results about rA-spaces. 
For every x in a space X,  let }47(z) be a collection of subsets of X, each containing x. 
Put W = {IN(x): x E X}. According to [7], X has 142 satisfying (F) provided 
(F) / fx  belongs to open U, then there exists open V = V(x,U) containing x such 
that x ~ W C U for some W E W(y) whenever y E V. 
Theorem 4 [6]. Suppose that X has ],V satisfying (F) and each VV(x) is a decreasing 
sequence of open sets. Then X is metrisable. 
In an rA-space, purely local structure can be 'translated' over the entire space to be- 
come the mixture of local and global structure captured by the Collins-Roscoe structuring 
mechanism. 
Suppose X is an rz3-space with 0 and e sa*isfying conditions (1) and (2) of Defini- 
tion I. For any set S, containing e, and x in X,  define S(x) so that 
{lie} x S(x) = ~-I({:E} x S). 
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Note that {x} × S(x) = 4~- i (X × S) VI ( {x} × X),  so that, if 8 is an (open) neighbourhood 
of e, then S(x) is an (open) neighbourhond of x. For a collection S(e) of subsets of X, 
each containing e, define, for each x in X,  $(x)  = {S(x): S E S(e)}. 
Claim A. Let X be a space with (b and e witnessing that it has a rectifiable diagonal. 
Let ),V(e) be a local basis at e. Then YY = {W(z): x E X}  satisfies (F). 
We justify this claim in a more general setting below. 
Consider a first countable rA-spaee X. Then every point of X has a decreasing local 
base and, by Claim A, X has W satisfying (F), where each )/V(x) consists of a decreasing 
sequence of open sets. Applying the metrisation theorem of [6], we deduce a recent result 
of A. Gul'ko, which extends the Birkhoff-Kakutani Theorem. (Note: one could also apply 
the metrisation theorem from [7], since W in fact satisfies (A) of that paper.) 
Theorem 5 (A. Gul'ko [14]). Every first countable r A-space is metrisable. 
Now we turn to the problem of determining when an rA-spaee is stratifiable. Recall 
Ozone's definition, that a space X is a (a-)m3 space if every element of X has a ((r-) 
cushioned local pairbase (see [3]). It is well known that a space is stratifiable if and 
only if it has a o--cushioned pairbase (see [5]), and so is a cr-m 3 space. In fact, every 
monotonically normal space is ra3. For, let X have a monotone normality operator V(., .) 
and define, for each x E X,  
;o(x) = { (V(x, U), U): z E U for open U}. 
It is straightforward to check that P(x)  is a cushioned local pairbase at x. 
For every x in a space X,  let P (z )  be a collection of pairs of subsets of X, each 
element of the pair containing x. Put :o = {P(x): x E X}. We say that X has "P 
satisfying (PF) provided 
(PF) if x belongs to open U, then there exists open V - V (z ,U)  containbJg x such 
that x E PI C_ P2 C_ U for some (P,, Pz) c "P(y) wheuever y E V. 
Condition (PF) is the natural 'pair' analogue of condition (F). More precisely, if for 
every x in X,  W(x)  is a collection of subsets of X,  each containing x, then, setting 
PW(x)  = (W,W) ,  for W c W(x), and "PkV(x) = {PW(x) :  W E W(x)}, the 
collection PW = {'PW(x):  x E X}  satisfies (PF) if and only if YV = {W(x): x E X} 
satisfies (F). Thus Claim A follows from Claim B. 
Claim B. Let X be a space, with ~ and e witnessing that it has a rectifiable diagonal. 
Let 7a(e) be a Iocal pairbase at e. Then "P = {79(x): x E X}  satisfies (PF). 
Proof. Fix x in X and open U containing x. As (x, x) E X x U, the open set 4~(X x U) 
contains (x, e). Pick open T and (Pi,/9.,) E 7~(e) such that 
(x,e) ET×PIC_T×P2C~(X xU) .  
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Now ~- I (X  x PI) is a neighbourhood f the diagonal, and we may pick open V such 
that 
x~VC_T  and VxVC_~- I (XxP i ) .  
Take any y in V. Then 
• (y, x) E V × V, so (?;, x) E {y} x Pt (y), and 
• (y ,c )¢VxP2CTxP2C_O(X×U) ,so{g}xP2(y)C_XxV.  
From the first line, x ~ Pt(Y), from the second, P2(Y) C_ U, as required for (PF). 12 
Now we may derive our stratification theorem. The proof only holds for separable 
spaces. This restriction is necessary: there is an m3 topological group, with the countable 
chain condition, which is not stratifiabl¢ (see [1 I] for details). 
Theorem 6. Every a-m3 separable r A-space is stratifiable. 
Proof. Let P(e) be a e-cushioned local palrbase at e. Let D be a countable dense set. 
Then ~o = Uv~D~(g ) is o'-cushioned. We show that "P is a pairbas¢ to deduce that X 
is stratifiablc. 
Take any x and open U in X such that U contains x. Let open V be as given by (pp_,). 
Pick y C V N D, so that we have x E Pi C P2 C_ U for some (Pt, P2} E P(y) c_ 7~. ra 
Corollary 7. Every separable monotonically normal r A-space is stratifiable. 
Corollary 8. Every Lmdelaf monotonically normal r/t-space with countable pseudo- 
character is strotifiable. In particular a monotonically normal rA-space with the c.e.c. 
is stratifiable. 
Proofs. Monotonically normal spaces are m3, so Corollary 7 is immediate. For Corol- 
lary 8, a little more work is needed. Let X be a monotonically normal LindolOf r / t -  
space, with every point a G,~. Let (Un)n~ be a sequence of open subsets of X such 
that f')n~,* Un = {e}. I~finc Vn = ~- I (X  x Un). It is not difficult to check that the 
V~'s witness that X has a Ga diagonal. (This is proved in [14].) In [! I] it is shown, for 
any monotonically normal space and hence for X here, that 
d(X) <~ L(X)  . A (X)  . ]{z E X: x is isolated}l. 
Since X is homogeneous, either it is discrete and countable, or does not contain any 
isolated points. Thus, in either case, X is separable, and we are back in the situation of 
Corollary 7. n 
3. The relationship between Mal'tsev and retral spaces 
In 1987, Arhangel'skii [1] asked the question: which spaces are retracts of topological 
groups? The present section concerns whether Mal'tsev spaces are such retracts. For a 
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discussion of this topic, including work completed by 1991, see Shakhmatov's chapter 
[22, pp. 601-602]. Some of the results there have been improved subsequently asfollows, 
though the problem in its full generality was only solved very recently (see below). 
Theorem 9 [21]. A pseudocompact space is Mal'tsev if  and only if it is retral. 
Theorem 10 [24]. A pseudocompact Mal'tsev space has the c.c.c. 
An interesting method for finding Mal'tsev spaces is as follows. For any space X,  let 
A~={(~ .. . .  ): ~X},  P,={(~,,j,V): x,:j~X}, 
P2={(y ,x ,y ) :  x, yEX},  P~ = {(y,y,x):  x, yEX}.  
Further, let .M2 denote the class of all spaces X associated with which are c;osed subsets 
A, B of X 3 such that 
X 3 - A U B, (1) 
P ICA,  p~ C B, (2) 
A n B C 1'2. (3) 
The next result depends on some crucial ideas due to Knight. 
Theorem 11 [ 12]. Suppose that the space X belongs to the class .A42. Then the operator 
.a4 : X 3 ~ X. defined by 
M(x ,y ,z )={:  i f (x ,y ,z )  EA,  
g (x ,y ,z )  C B, 
is Mnl'tsev. 
Proof. Note that M is well-defined by (l) and (3), and is a Mal'tsev operator by (2). 
For continuity, take any closed C C X. Now observe that 
M- I (C)  = ((C x X × X)  hA)  u ((X × X x C) ~B) .  
This set is closed. [] 
Corollary 12. A space X with topology T belongs to A42 if there exists a topology j~4 
on X,  coarser than T, such that every snbspace of(X,  .A.'I )3 is normal and strongly zero- 
dimensional. In particular, a space with a coarser strongly zero-dimensional metrisable 
topology is in A4,. 
Proof. The existence of sets A and B, closed in X 3, satisfying the conditions for mem- 
bership of .A4z, is easily seen to be equivalent to the existence of sets U and V, clopen 
in X 3 \ ,43, such that 
P3 \ PI C U, PI \ P3 C_ V. 
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In the subspace X 3 \ A3, the sets P3. \ Pi and Pt \ P3 are closed and disjoint. Thus, in the 
normal and strongly zero-dimensional space (X,.M) 3 \ A3, we can indeed find clopen 
U and V as required. [] 
Corollary 13. Every non-Archimedean space is in A42. 
Proof (Sketch), Let B be a base for X,  which is a tree with respect to rever.~ inclusion 
and such that, whenever B N B '  :fi 0 (B, B '  E B), then either B c_ B'  or B'  C_ B. For 
each x in X,  let Us be the subeollection of {B E B: x ¢ B} such that members of 
~/~ are palrwise disjoint and, if B E /5, B '  E H~ and B ~ B',  then x E B. For each 
U E/.4:c, pick V(z,v ) E B such that x E V(x,v ) and V(x,v ) rq U - 0. Define C C_ X 3 by 
c=U~x{U x V x V: U eU~}. 
One can check that C is clopen in X 3 \ .4, C U .4 _D Pi, and C' A/>3 = 0. Thus, 
arguing as in the proof of Corollary 12, X is in .A.'I2. [] 
On the other hand, the next result gives a method for identifying retral spaces. 
Theorem 14 [12]. Let (X, qrO be a space and .A4 a zero-dimensional separable metris- 
able topology on X, coarser than T. Suppose also tkat (X,'T) has a subbasis of ./L~- 
closed sets. Then (X, 7") is retraL 
Thus, the Michael and Sorgenfrey lines are retral, and first countable retral spaces need 
not be metrisable. 
The following example settles a persistent open question (see [25,8,9]). It was con- 
structed in the search for a Mal'tsev space X such that e(X) > w and c(F(X))  = w, 
which could afortiori not be retral. 
Example 15 [12]. There is a Lindel6f topological group with cellularity 2so. 
Proof. To see this, let X be a Michaal-Bernstein li e of cellularity 2~,  all of the powers 
of which are Lindel6f (see [4, 6.17], for example). Consider the rice topological group 
F(X)  of X. By standard arguments, as X n is LindelOf or all n/> !, F(X)  is Lindeliff. 
From Theorem 14, there is a retraction of F(X)  onto X.  But c(X) = 2 ~', so we must 
have that F(X)  has cellularity the size of the continuum, t2 
The central question of this section has now been settled. 
Example 16 [12]. There is a space X that has a coarser separable zero-dimensional 
topology and is hence Mai'tsev, but is not rctral. 
The space is constructed as follows, for details see [12]. Let {Da: a E 2 ~°} be a 
family of pairwise disjoint dense subsets of the Cantor space X such that X \ [3 Da is 
dense. Let X have the topology given by declaring each D,~ elopen, it is established that 
any group generated by X has the countable chain condition. As X has cellularity the 
continuum, it cannot be a retract of any topological group in which it can be embedded. 
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4. A characterisation of Mal ' tsev spaces 
In this last brief section we give a characterisation f Mal'tsev spaces in terms of a 
retract. For a space X ,  put 
M(X)  = {xy- ' z  C F (X) :  x ,y , z  E X}  
and let q : X 3 -+ M(X)  be defined by 
q(x ,y ,z )=xy- l z  (x,y,  zeX) .  
Denote by 5 v the collection of all f : M(X)  -+ Y where foq  : X 3 -..+ Y is continuous and 
Y any (Tychonoff) space. Give M(X)  the topology generated by all f - I (U ) ,  where f 
ranges over .7- and U over all open subsets of Y.  M(X)  with this topology is ]~ychonoff, 
and the natural embedding (as ~ts) of X in M(X) ,  is a topological embedding, because 
X is Tychonoff. Note that q is continuous, but not necessarily a quotient map in the 
category of all topological spaces. 
Theorem 17 [ 13]. X is Mal'tsev if and only if it is a retract of M (X). 
Proof. Suppose first that M:  X 3 ~ X is a Mal'tsev operator for X .  Since M(x ,  y, y) = 
{x} = M(y ,y ,x ) ,  for all x ,y  E X ,  M induces a retraction, r say, (as sets) of M(X)  
onto X. The space X is Tychonoff, and r o q = M which is continuous. So r is in ,T 
and evidently is also continuous. 
Now let r be a retraction of M(X)  onto X .  Define M : X 3 --+ X by M = r o q. Then 
M,  as the composition of two continuous functions, is continuous. Clearly, M(x,  y, y) = 
{x} = M(y ,  y, x). [::l 
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